ON A PROBLEM OF YAU REGARDING A HIGHER 
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BO YANG 

Abstract. We show that a problem by Yau in 1151 can not be true in general. 
The counterexamples are constructed based on the recent work of Wu and 
Zheng [H]. 



1. Introduction 

Shing-Tung Yau asked the following question in jl5j: 

Question 1.1. Given an n- dimensional complete manifold with nonnegative Ricci 
curvature, let B{r) he the geodesic hall around some point p. Let at he the k-th ele- 
mentary symmetric function of the Ricci tensor. Then is it true that 7-""+^'^ /B(r) '^^ 
has an upper hound when r tends to infinity? This should be considered as a gen- 
eralization of the Cohn- Vossen inequality. 

In the Kahler category one would like to ask the following similar question. 

Question 1.2. On a complete Kahler manifold with complex dimension n, if we 
denote uj and Ric the Kahler form and the Ricci form respectively, one would like 
to ask if 7-^2n+2fe Jg^^^ Ric'' A uj"^'' is bounded for any 1 < k < n when r goes to 
infinity. 

In this note we exhibit counterexamples to Question II. II in the case of 1 < < n 
via the recent interesting work of Wu and Zheng [T31 . We will show that for any 
complex dimension n > 2 and any 2 < k < n, there exists a U{n) invariant 
complete Kahler metrics on C" with nonnegative bisectional curvature such that 
^-2n+2/c Jg^^^ (Tfe is unbounded when r large (See Theorem l3.4p . We also prove that 
Question 11.21 is true for all U{n) invariant complete Kahler metrics on C" with 
nonnegative bisectional curvature (See Theorem 13. 6p . 

2. Results of Wu and Zheng 

In the section, we collect some of the results from the recent work of Wu and 
Zheng [TJ since they will be used in our constructions of counterexamples to Ques- 
tion [T3] Unless stated otherwise all results in this section are due to Wu and Zheng 

Wu and Zheng [2] develops a systematic way to construct U{n) invariant com- 
plete Kahler metrics on C" with positive bisectional curvature. One of the motiva- 
tion behind their work is the uniformization conjecture by Yau [16j . The conjecture 
states that a complete noncompact Kahler manifold with positive bisectional cur- 
vature is biholomorphic to the complex Euclidean space. See [8], [3], [4], [5] and 



2 



BO YANG 



reference therein for some recent progress towards Yau's uniformization conjecture. 
See also [9],[T], and [2] for some earlier works on the construction of rotationally 
symmetric complete Kahler metrics with positive curvature on C". 

We follow the notations in jl^. Let z = (zi, • • • -.Zn) be the standard coordinate 
on C" and r — A Uin) invariant Kahler metric on C" has the Kahler form 

(1) c - ^ddv(r) 

where -p G C°°[0, +oo). Under the local coordinates, the metric has components: 

(2) g^j = f{r)6,,+f{r)z,z,. 
We further denote: 

(3) /(r)=p'(r), h{r) = irfy. 

Then the Kahler from a; will give a complete metric if and only if 

/■+°° \/h 

(4) / > 0, > 0, / -^dr = +0O. 

Jo 

Now if we compute the components of the curvature tensor at (zi,0, ••• , 0) 
under the orthonormal frame {ei = -^c^zi,e2 — -^dz2,-'' je„ = ^c?2„}, then 
define A, B, C respectively by: 

1 rh' /' h' 2/' 

(5) A = R^j^j = -■^( — B = = — - — , C = = 2%^.j = - — , 

where we assume 2 < i j < n, It is easy to check all other components of 
curvature tensor are zero. 

Let Ain denote the space of all U{n) invariant complete Kahler metrics on C" 
with positive bisectional curvature. 

Theorem 2.1 (Characterization of by the ABC function). Suppose 
n > 2 and h is a smooth positive function on [0, +oo) satisfying then the form 
defined by (QP gives a complete Kahler metric with positive ( nonnegative ) bisectional 
curvature if and only if A^B,C are positive (nonnegative). 

If we define another function ^ e C°°[0, +oo) by 

(6) = 

then h determines ^ uniquely. On the other hand, note that ^ determines h by 

uj up to scaling. The following interesting theorem in 
[l4] reveals that the space A^„ is in fact quite large. 

Theorem 2.2 (Characterization of A^„ by the ^ function). Suppose n > 2 
and h is a smooth positive function on [0, +oo), then the form defined by (Op gives 
a complete Kahler metric with positive bisectional curvature on C" if and only if ^ 
defined by (0) satisfying 

(7) ^(o) = o, e>o, e<i- 

Fix a metric u in the geodesic distance between the origin and a point 

z e C" is: 
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where r — jzp. We denote B{s) the baU in C" centered at the origin and with the 
radius s with respect to lo. It is further shown in [14 that: 

(9) Vol(B(s)) =c„(r/)". 

where c„ is the Euchdean volume of the Euchdean unit ball in C". 

Using Theorem 2.2 Wu and Zheng further proved the following estimates on 
volume growth of geodesies ball B{s) and the first Chern number for metrics in 
Ain- Note that an estimate on volume growth of geodesies ball in the general case 
has been proved by Chen and Zhu 7J. 

Proposition 2.3 (Volume growth estimates for metrics in Ain)- ff = /(1) + 
2y/h{l){s — s(l)) for r > 1 and rf < for any r > 0. So there exists a constant 
C such that: 

(10) Cs" < Vol(S(s)) < c„s2". 
for s large enough. 

Proposition 2.4 (Bounding the first Chern number for metrics in 

Given any uj in Ain with n> 1, we have 

(11) / {mcr^c.c^^^r<c^C^r. 

while Vol{B{s)) = Cnv"- . 

In order to construct more examples and compute the scalar curvature curvature 
of metrics in in a more convenient way, Wu and Zheng [14 1 introduced another 
function F in the following way: First we define x — \frh and a nonnegative 
function j/ of r by 

(12) 2/(0) = 0, y'>0. 

One can check that a;(r) is strictly increasing and then we may define F{x) a 
function on [0,xo) by ?/ = F{x), where 

(13) xl = lim rh = h{l)e^^°° 

r— f +00 

Extending F to {~xo,xo) by letting F{x) = F{—x), one can check that is a 
smooth, even function on |a;| < xq. Starting with such a F satisfying certain 
conditions, one can recover the metric oj in a geometric way. See Section 5 in |14j 
for details. This result is summarized as the following theorem. 

Theorem 2.5 (Characterization of A^„ by the F function). Suppose n > 1, 
there is a one to one correspondence of between the set A4„ and the set of J- of 
smooth, even function F(x) defined on (^xo,Xo) satisfying 

(14) F(0) = 0, F" > 0, lim F{x) = +oo. 

Denote v = r/, one can rewrite 5 and Yo\{B{s)) in terms of F: 
(15) 

s = r Vl + {F'irWdT, Vo\{B{s)) = c„«" = c„( 2x^1 + (i^'(r))2dr)". 
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Rewrite A, B, and C defined in ([5]) in terms of F: 
, , , F'F" 1 2 2a;2 

Recall the scalar curvature at the point z = (zi, 0, • • • , 0) is given by 
(17) R = A + 2{n-l)B + ^n{n-l)C. 

Using ([TTll . p^ . ((T5|) and a careful integration by parts, Wu and Zheng [Tl] 
proved the following relation between average scalar curvature decay and volume 
growth of geodesic balls. See also [7] for a related result on any complete Kahler 
manifold with positive bisectional curvature. 

Proposition 2.6 (Estimates on average scalar curvature for metrics in 
M-n)- Given any Kdhler metric w in A4n with n > 2, there exists a constant c > 
such that 

J(TT7)^vS(k) /«.,''<'''"" ^TT7- 

while Vol(S(s)) = c„i;". 

3. Counterexamples to Question 1.1 

Let A4n denote the space of all U{n) invariant complete Kahler metrics on C" 
with nonnegative bisectional curvature. First we state a generalization of Theorem 
2.2 to the space A4n- 

Proposition 3.1 (Characterization of A^„ by the f function). Suppose n > 2 
and h is a smooth positive function on [0,+oo), then the form defined by (QJ) gives 
a complete Kdhler metric with nonnegative bisectional curvature if and only if ^ 
defined by ^ satisfying 

(19) ^(0) = 0, e'>0, e<l. 

Proof of Provosition \3.1\ The original proof of Theorem 2.2 due to Wu and Zheng 
[l4] works here. Now we only sketch the necessary part. First from ([6]) we know 
^(0) = 0. Note that © and Theorem 2.1 imply 

(20) A = > 

h 

which leads to ^' > 0. 

To prove ^ < 1, argument by contradiction as in [l4j . Assume limr_>.+oo — b > 1, 
then take 5q > Q such that 1 + (5o < 6. It follows that there exists tq > with 
^.i^o) > 1 + (^o- Thus integrating ^ leads to h{r) = h{0) exp < which 

contradicts to the completeness of the metric @. □ 

It also follows from the original proof of Proposition 2.3 and 2.4 due to Wu and 
Zheng that the same conclusion holds for the space M.n- Namely, for any metric a; 
in Mn, Cs"^ < Vol{B{s)) < Cns'^" holds for s sufficiently large, and j^^{Ric)'^ < 
Cni^)"" is true. We remark here that the estimate on lower bounds of the volume 
growth of B{s) here can not be true for an arbitrary complete noncompact Kahler 
manifolds with nonnegative bisectional curvature. For example, take 
• • • xCP^ where Si is a capped cylinder on one end and CP^ is the complex projective 
plane with the standard metric. 
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Next we state another generalization of Theorem 2.5 to Mn- 

Theorem 3.2 (Characterization of A^„ by the F function). Suppose n > 1, 
there is a partition of the set A4n\ {.9e} = iS*! U 5*2 U ^3 where is the standard 
Euclidean metric on C" such that: 

(1) Si has a one to one correspondence with the set of T of smooth, even function 
F{x) on (— cx),+oo) defined above satisfying 

(21) F(0) = F'(0) = 0, F" > 0, F'{oo) < +00, F{oo) = +00. 

51 consists of nonflat Kdhler metrics in Mn whose geodesic halls have Euclidean 
volume growth. 

(2) S2 has a one to one correspondence with the set of J- of smooth, even function 
F{x) on (— xojXo) (where Xq is either finite or +00) satisfying 

(22) F(0) = F'(0) = 0, F" > 0, F\xo) = F{xo) = +00. 

52 includes Kdhler metrics in Mn whose geodesic balls have strictly less than Eu- 
clidean volume growth and bisectional curvatures in the radial direction strictly 
positive along a sequence of points in C" tending to infinity. 

(3) For any metric oj € S3, there exists a positive real number ro such that 
To = inf{r : ^(r) = 1} and a corresponding positive real number xq such that there 
exists a smooth even function F{x) defined on {—xq,xo) such that 

(23) F(0) = F'(0) = 0, F" > 0, F'{xo) = +00, F{xo) < 00, 

53 is the set of metrics with geodesic balls having half Euclidean volume growth and 
whose bisectional curvatures in the radial direction vanish outside a compact set. A 
standard example in complex dimension 1 is a capped cylinder on one end. 



Proof of Theorem \8.SX The proof of Theorem 13.21 is based on a modification of 
Theorem 2.5 due to Wu and Zheng. From Proposition 13. 11 we know for any Kahler 
metric in Mn, there exists a corresponding ^(r) on [0,+oo) with f(0) = 0,^' > 0, 
and C < 1. Denote rp = inf {r : ^(r) = 1}. 

Recall the definition of x and y in p^ . x = Vrh and x'{r)'^ + v'i^)^ = 37 with 
y(0) = and y' > 0. It is easy to check: 

(24) ^^(l-oJ^, 

ar V 4r 

then we know x{r) and t/(r) are both nondecreasing with respect to r. 

(Case I) To = +00. From the definition of a;o in (IT5|) and we know x{r) 
is strictly increasing on [0,+oo), then we can define F(x) by y = F{x) on a; € 
(— xojXq) after an even extension by letting F(-x)=F(x). It is not hard to see that 

(25) F(0)-0, F'{x)>0, l + [^'(a;)]2 = ^_L_. 

Recall that < ^(r) < 1 is nondecreasing on (—00, +00), we conclude that F" > 0. 
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Moreover, ([24]) and ([25]) implies 



(26) lim F{x) 




+ 00 



Note that the integral in the last step of (|26)) is distance function we conclude 
F{xo) = oo if and only if ^(+oo) > 0. Note that the latter condition is satisfied 
when Lu is nonfiat. 

We further divide our discussion into two subcases: 

(Subcase la) < f(+oo) < 1. In this case we have F' is bounded on (— xo,a;o) 
and Xo — +oo. Moreover, we will prove that the geodesic balls of (C",aj) has 
Euclidean volume growth. We follow the method of Wu and Zheng (See P528 of 
[H]). Note that dH]),®, (r/)'(r) = h and (r/i)'(r) = h{l - 0, it follows from the 
L'Hospital's rule that: 

(27) hm . 2^ 



s— >+oo S r^+oo S 

lim c„( ) 



2n 



4n 



= c„(l-e(+oo)) 

(Subcase lb) ^(+oo) = 1, It follows from the (P7|) that in this case the geodesic 
balls of (C",cj) has strictly less than Euclidean volume growth. Since A = ^, 
^(0) = 0, and ^(+oo) = 1 we also know that bisectional curvatures in the radial 
direction strictly positive along at least a sequence of points in C" tending to 
infinity. 

(Case II) To > is finite. Note that (rh)' = h{l — ^), we conclude that 
xq — liuir^+oo Vrh is finite and Xq — roh[ro). This implies that F{x) is well 
defined on {—xq,xo) with F{xo) < +oo. Since A — we conclude that bisectional 
curvatures in the radial direction vanishes outside a compact set in C". Next we 
proceed to show that the geodesic balls of (C", w) has half Euclidean volume growth. 
Again the methods follows from Wu and Zheng (See P528 of |14)). 



(28) ,i„, M|W) . c^i^ly 

lim c„(2V7/I)" 
= 2c„a;o. 

Denote 5i, 5*2, and S3 the sets of metrics in the above three cases (Subcase la), 
(Subcase lb), and (Case II) respectively, we have proved Theorem l3.2l 

□ 
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Next we gives some more explicit description of 5*3. Given any metric w in 5*3, 

dr 



^^il^ — (1 fi — {rfY and (^(r) = 1 when r > rg, then 



(29) rf\:^,- r^-^dr, 

which further implies: 



(30) r/ = x2ln-+ro/(ro). 

Now we compute A, B, C with ([5]) in Section 2 when r > rp: 

1 rh' ^' 

(31) ^ = -r(^)' = T = 0- 



ft/ /l ' h 

f h' lArfY-f rh\ 
/i/ r hf 



I h l-S.^ h 



(33) C = -^ = (-2):— / = 2^^f— ^-2 



= (-0)!^ = g ^/-^fe ^ ^o(ln;^"l)+ro/(ro) 
P ^ rp [rfY [a;2lnZ^+ro/(ro)P 



On — 
U ro 

We also see the distance function for metrics in 53: 

(34) s{r)= rJIdr + ^\n-. 

Jo V 4r 2 ro 

Now one can estimate the average of A, B, and C inside B{s) from (fT7)) . 
(ini), (1321), (ESI), (0), and dMl)- Namely, if n > 2, for any metric in 53 there ex- 
ists a constant c such that 

(35) < V / ^ 4' 

cr/ Vol(B(s)) 

where Vol(S(s)) = c„(r/)". 

If w is a nonflat Kahler metric in 5i U 5*2, we sec from Theorem 13 . 2 1 that F must 
have F'{xo) > 0. Then the formula of A, B, and C in terms of F is exactly the 
same as (fT6|) derived in [Ti: (See P536 in [H]). Follow the proof of Proposition 
2.6 in [11], we get the same conclusion. We summarize the above discussion as the 
following result. Note that / is defined in ([3]). 

Proposition 3.3. When n > 2, given any non flat metric in Mn, there exists a 
constant C > such that 

^''^ ^(TTTT) ^ Yoim) ^ TT77- 

where Vol(B(s)) = c„(r/)". 

Now we state the main theorem of this note. 

Theorem 3.4. Given any n > 2, any nonflat Kahler metric in Mn has /bj^) cr,iW" 
unbounded when s goes to infinity. Moreover, if 2 < k < n one can construct a 
complete Kahler metric uj from Si C A4n with bounded curvature on C" such that 
^2n-2k Ib{s) '^^ unbounded when s tends to infinity. 
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Proof of Theorem \3.4\ It follows from ([Sj that for any metric in 7V1„ we have Ricci 
curvature at z given by: 



Note that we are now working on the Kahler manifolds C" and the Ricci tensor is 
J- invariant where J is the standard complex structure on C". Therefore the Ricci 
tensor in the real case has eigenvalue A of multiplicity 2 and ^ of multiplicity 2n — 2. 
From now on, let denote the fc-th elementary symmetric function of the Ricci 
curvature tensor. 

First note that Question 1.1 are true for any metric lo G A^„ when k — 1. 
Since cti = 2R where R is the scalar curvature in the Kahler case, it follows from 
Proposition l3 . 3l and the upper bound of the volume growth of B(s) after Proposition 
I3.1l that g-in-'i Jb{s) bounded when r tending to infinity. Therefore, we focus 

on Question 1.1 in the case of 2 < fc < n. If 2 < fc < n, crfe of the Ricci tensor is a 
linear combination of A^/i'^"^, A/i*^^^, and To sum up, ak is a linear combination 
of three types of quantities: 

(Type I) A^B'C^, AB^+'C^ , and B^+'C^ when i>0, j>0, and i+j = k~2. 
(Type II) AB^C^ and B^+^C^ when i > 0, j > 0, and i + j = fc - 1. 
(Type III) B^C^ when i > 0, j > 0, and i+j:^k. 
We divide the proof of Theorem 13.41 into two cases. 

(Case I) If fc = n, we only need to look at the term C" contained in ct„. Recall 
that if for any non flat Kahler metric w in 5i U 5*2 , we may assume that there exists 
< Ml < a:o such that F'{x) > Co where Co = F'{Mi) > when x > Mi. we 
have the expression of C from ([T6| : 



(37) 




(38) 



C = 



2v - 2a;2 



V 



,2 





z;(/;,^ 2r^l + r(rfdr + J^^'^ 2t^ I + F' {rf dr) 



Note that we have 1 < -^7=7^ when x > Mi. 



(39) 



C> 



On 

i+ycg+i 



I{x) 





where 



(40) 



Ci 
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Since I{x) goes to oo and Ci is bounded when x tends to xo, we conclude that 
there exists a C2 and M2 such that when x > M2, 

(41) C>— . 

V 

We remark that (PT|) is used in the proof of Proposition 2.3 in |14) . 
There exists a constant C3 only depending on n such that: 



(42) / (7„u;" > C3 / 

Jb(s) Jb{s) 







> C3C„ / (^)"d«" 

= nCaCnC," In ■ "^^^ 



t^(M2) 

Of course (|42|) is unbounded when a; tends to since f (xq) = +00. 

To sum up, we show that for any non flat Kahler metric uj in S1US2, Cnw" is 
00. If e 5*3, it follows from (I30p and (j33|) that lims_).+oo Jb(s) '^'i'^" unbounded 
when s goes to infinity. Therefore, Question 1.1 is false when k — n for any non 
flat Kahler metric cj in A^„. 

(Case II) If 2 < fc < 71, For any fixed nonflat Kahler metric cj in ^i. we may 
assume that there exist C4 and M3 such that F'{x) < C4 for all x e {—xq, xq) and 
> when x > M3. Then it follows from a similar argument as in (HI]) , we 
may further assume that there exist C5 and M3 such that for any x > M3 

(43) C>^. 

V 

Since A = 2x(^+F''^y ' conclude that ^ and J-^-* are equivalent. If we can 
construct an Kahler metric uj in Si such that 

(44) ^/ 

is unbounded when s tends to 00, then so is /i3(s) ^^C'''"^'^"- Note that the 

term A^C'^"^ is contained in ak, it follows that ^-^J-ik Jb{s) '^k^" ^^^^ unbounded 
when s tends to 00. 
Let us rewrite dU]): 



(45) / {^^Yi-L) 

Jb{s) ^ 



Jo T v 

2ncnCt^ r i(^^"(r))27;"-fe+Vl + (F'(r))2dT. 
^0 



Since s = /q" ^1 + (F'(T))2dT, w = /q" 2t^1 + (F'(T))2rfT and F'{x) < d we 
know s and x are equivalent, v and a;^ are equivalent. In order to estimate (j45p . it 
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suffices to estimate the foUowing. 

(46) r(F")V2("-^)+idT. 

Jo 

To sum up, if there exists a function S{x) G C°°[0, +00), such that 



(47) 



52(r)T2("-'=) + ldT = +0O, 



(5(x) < +00. 



Then we can solve F{x) with F" {x) = 5(x) with the initial value i^(0) = i^'(O) = 0, 
it will follow from Theorem 13.21 that we can construct a complete Kahler metric uj 
in S\ such that 



(48) 



1 



o2n-2fe 



Ok W 



is unbounded when s tends to infinity. Hence both Question 1.1 and 1.2 can not 
be true when 2 < k < n. 

In fact such a S{x) is not hard to construct. Consider S{x) defined by the 
following with q an integer to be determined. 



(49) 



(2 xe[2,2 + {m 



,0 [0, +00) \(u,>2[Z, ? + (})«]) 

Now set g = |, it is easy to verify that ip{x) satisfies (|47l). Choose S{x) as 
a suitable smoothing of 5{x) on [0,+cx)) which also satisfies (|47p . we will get the 
desired counterexample. It can be checked that the result metric G 6*1 has 
bounded curvature on C". 

□ 



It follows from Theorem 13.21 and Proposition 13.31 that for any Kahler metric 
Lu (z Si, (C",aj) has quadratic average scalar curvature decay. Note that the same 
result for any complete Kahler manifolds with bounded nonnegative bisectional 
curvature and Euclidean volume growth has been proved by Ni (See [11] and jl2j). 
Now we construct the following example which implies that in general only assuming 
Euclidean volume growth one can not expect the same rate of decay for norm 
of curvature for any p > 1. 

Proposition 3.5. For any n > 2 and any p > 1, there exists a metric lo S Mn 
such that the geodesic halls in (C",w) has Euclidean volume growth. Moreover, 

is unbounded as s goes to infinity. Here we denote to the unit radial direction 
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Proof of Proposition \3.5[ For a given metric w in 5i , follow a similar argument in 
(Case II) of the proof of Thcorem l3.4( it suffices to show that we can find a smooth 
function ri{x) on [0, +00) such that 

1 rx r+co 

(51) lim -^r—^ r;P(r)T2"-i-PrfT = +00, / Tj{x)dx< +00. 

Consider fi{x) defined by the following where a and /? are two integers to be 
determined. 

'2« xe [2,2 + (i)/5] 

(52) 77= + 



xe [0, +00) \(U,>2[?, ? + (})«]) 

Pick any a > 1 and 1 + a < (3 < p{a — 1) + 2, then fj defined above satisfies ([51]) . 
It is not hard to find r]{x) from a suitable smoothing of fj{x) which will result in 
the desired metric lu. Note that (C", oj) we constructed has unbounded curvature 
on C". □ 

We proceed to show that Question 11.21 is true for A^„. It seems that Question 
11.21 should be a more suitable conjecture at least for complete Kahler manifolds 
with nonnegative bisectional curvature. 

Theorem 3.6. For any metric lo e Mn, then 5^2n+2fc J^^^^ i?ic'' Aw"^'^ is bounded 
when s goes to infinity. 

Proof of Proposition Iff. 61 First we remark that it directly follows from analogues of 
Proposition 2.3, 2.4 and 2.6 in [H] for the space Mn (See Proposition 13.31 and the 
paragraph after Proposition 13. ip that Question 1.3 is true for fc = 1 and k = n. If 
suffices to show that s-2n+2fc J^^^^ Ric^ A w"^'"' is bounded for any 2 < k < n. 

Note that for 2 < k < n, Ric^ A o;"^*^ is a linear combination of XiJ,'^~^ and /i*^. 
It turns out that we only needs to show that ^^J.^^ fB(s) ^(^' C')'^" is bounded 
when s goes to infinity where P is a monomial of the following two types: 

(Type I) AB'C^, and B^+'C^ when i > 0, j > 0, and i + j = fc - 1. 

(Type II) RPC^ when p > 0, q > 0, and p + q = k. 

First we consider any Kahler metric oj 'm Si U 82- Note that (|16p implies that 

a;2 1 2 

(53) B<^<-, C<-. 

V V V 

Then we have the following estimate: 

(54) I B^C^u:- 

■S J B(s) 

1 pfix) 1 

< 2«c„^^^ / nv'^-Hv 

V 



< 



2%c„(/p" 2t^1 + {F'{T)YdTY-^ 

{n - fc)(/; VI + (f^'(T))2dT)2«-2fe 
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According to the L'Hospital's rule, ((54|) has the limit when x tends to xq: 

(55) lim -^0 / ' v w; ; _ ( -1"-^ 

(/o" + (i^'(T))2dr)2«-2fc Vl + lim™ ^^'W 

We conclude that ^^..L^;, /b(s) BPCuj" is bounded when s goes to infinity. 

Next we turn to the term AB^C^ , integrate by parts as in the original proof of 
Proposition 2.6 in [14]. 



(56) / AB'C^cj 



B(s 

F'F" 1 



(1 + {F'W 



= {-Cnnv''-" , )\"+Cnn{n-k) / v'^-^-'dv 

< c„nv'^~''. 
Using the L'Hospital's rule again, we conclude that 

(57) I AB^C^u:- 

^ Jb(s) 

is bounded when s tends to infinity. 

It remains to verify that Question 11.21 is true when 2 < k < n for any metric 
UJ £ S3. Note that in this case we have ([32]), ([33| . ([34]) . and A ~ outside a 
compact set for metrics in S3, it follows from a straightforward calculation that 
^2j'-2k Ib{s} ^^^^ ^ is bounded when s goes to infinity. Hence we finish the 

proof of Proposition 13.61 □ 



We also have the following result relating the growth of the coordinate function 
Zi to the volume growth of the geodesic balls with respect to the metric lu in A^„. 

Proposition 3.7. Given any metric to € M.n, if some coordinate function Zi for 
some 1 < i < n has polynomial growth with respect to uj, then the geodesic halls of 
(C^jW) have Euclidean volume growth. 

Proof of Proposition \3. 7| Assume some coordinate function Zi for some 1 < i < n 
has polynomial growth with respect to uj in AAn. it follows from w being rotationally 
symmetric that there exists some integer a and constant Ce > such that: 

(58) r = < Ces". 

From Theorem 13. 21 it suffices to show that u) € Si, namely F'{x) bounded when 
X goes to a:o- First we note that uj can not be from 5*3 from the explicit formula 
([34| on the distance with respect to metrics in S3 given in Theorem 3.1. 



On a problem of Yau 
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Plugging (US]) into ^ leads to: 

(59) rKC^il^^lTWFWdTr. 
Note that: 







dx (1 — X 
Solve r in terms of x from (I60p and plug into (j59l) : 

(61) e'V 7 ^^<Ce{ ^l + iF'{T))2dT)'' 







for any < x < xq. Here Cy is the value of x which corresponds to r = 1. 

It is not hard to show F'{x) is bounded for all x G (0, a;o) from ([6T|) . First we 

see that xq must be infinity. Otherwise, the left hand side e ^ > 

gii^/c^yi+^^'^MF'*^. then dnH) could not be true since exponential functions can 
not be controlled by any polynomials when J^^ -^/l + {F' {t))'^ dr goes to infinity. 
Next we show that F'{x) is bounded for all x E (0, +oo). It follows from ((6T|) that 



(62) 



2 Vil^ildr 



a In ^l + (F'(r))2dT + In Q 

should be bounded when x tends to infinity. 

It is easy to see that ([S^ has a limit when x goes to infinity. 

2 r ^i+lE^dT 9 . 

(63) lim " = = _/! + ( lini F'(t))2, 

^^+°°aln /o%/l + (F'(T))2dT + lnC6 "V 'a;->+oo 

which implies that F'{x) is bounded for all x in [0, +oo). Therefore uj E Si. □ 

Remark 3.8. See [10) . [B], [7]; [llj . [13) . and [12) for some results on the geome- 
try of general complete noncompact Kahler manifolds with nonnegative bisectional 
curvature. Some further generalizations will also appear in a separate paper by the 
author. 
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